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Abstract

Without assuming the Northcott property we provide an upper bound on the number of “big
solutions” of a special system of Diophantine inequalities over proper adelic curves. This system is
interesting since it is a stronger version of Roth’s inequality for adelic curves.
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1 Introduction

Several theorems prove the finiteness of the solutions of certain Diophantine equations and inequalities,
both over number fields and over function fields. Regarding any Diophantine problem with finitely many
solutions we talk about “effective solution” when we are able to find an explicit bound on the height of
the solutions, whereas we refer to “quantitative solution” when we are able to bound only the number of
solutions. When points of bounded height can be effectively counted, one can deduce the latter from the
former. Diophantine problems are very often much easier on function fields than on number fields, and a
classical example is given by the S-unit equation: indeed for function fields we have a simple proof for the
effective solution (see for instance [Zan09, Theorem 3.16]) whereas for number fields we have quantitative
results (see [Eve84]) and effective results (see for instance [BG96]).

Roughly speaking, adelic curves are fields whose absolute values are parameterized by a measure
space; they have been introduced by Chen and Moriwaki in [CM20]. They are a generalisation of number
fields and function fields, but they also generalise a very important and less understood family of fields,
i.e. arithmetic function fields. Such fields are finitely generated extensions of Q endowed with a set of
absolute values coming from an arithmetic variety completed in the Arakelov sense (see [Voj21, Section
3]). Therefore, it is interesting to formulate and solve Diophantine problems for adelic curves, because
this means having unifying proofs of theorems that belong to apparently different frameworks.

For instance, two generalisations of Roth’s theorem for adelic curves have been proved in [DZ25|. Some
extra properties on the adelic curves are needed in order to ensure the validity of Roth’s theorem(s),
nevertheless the proved results include the classical Roth’s theorem for number fields, function fields
and also the more recent version of Roth’s theorem for arithmetic function fields of [Voj21]. Several
quantitative results are known for number fields, function fields and, more generally, fields with a product
formula: [DR55], [BvdP88|, [BvdP90], [Gro90]|, [Sch95], [Cor97].

In this short paper we investigate the quantitative solution of certain Diophantine inequalities for
adelic curves. Let’s first fix some notations that we will keep throughout the whole paper, some more
details on the definitions will be given in Section 2:

Notations. K is a field of characteristic 0 and X = (K|, ¢) is a proper adelic curve. The adjective
“proper” means that we have a product formula.  denotes the measure space, with measure p, that



parameterises the absolute values of K through the function ¢. The logarithmic height on X is denoted
by h = hx7 and we will also make use of the exponential height H = e. We fix a measurable partition
S=8U---US, CQ of finite measure (empty parts are allowed); aq,...,q, are distinct elements of
K*; A>0 and € > 0 are real constants; 6 : S — R>¢ is an integrable function such that fs Ody > 2+ «€.
The partition and 6 are fixed independently of 5.

With the above notations fixed, we study the following system of inequalities in the variable g € K*:
18— ail, < (AH(B)) @, fori=1,...,nandw € S;. (1.1)

Before the presentation of the results let’s explain the importance of this Diophantine problem. Assume
that 8 satisfies the inequalities of (1.1), put a, = o for w € S;, and assume S # «; for all ¢ and
log A+ h(B) > 0. Then from (1.1) we get:

IOg |B - aw|wdﬂ /
< -2-— 1.2
/S log A+ h(B fdn < c (12)

Thus S is a solution of (a modified) Roth’s inequality for adelic curves (i.e. a good approximant). Recall
that [DZ25, Theorem A] shows that if X satisfies the strong p-equicontinuity property, then the solutions
of Roth’s inequality have bounded heights.

Remark 1.1. When Q has the counting measure Corvaja shows in [Cor97] that Roth’s inequality can
be reduced to solving at most M systems of the type (1.1), where M is a number depending on #S and
the approximation parameters; the reduction allows a loss in the exponent and an increase in the height
threshold. Therefore in this special case an effective/quantitative solution of (1.1) would also give an
effective/quantitative solution of Roth’s inequality. Corvaja’s reduction process is based on the following
simple fact: the suitably normalised logarithmic approximation exponents at the finitely many places of
S can be seen as points in the hypercube C = [0, 1](#5 ), then one can subdivide C in smaller hypercubes
of the same diameter by using a mesh. Then, the points inside C can be approximated with arbitrary
precision (eventually after refining the mesh) by the finitely many corners of the smaller hypercubes.
The usage of some combinatorics on hypercubes is very common for the effective/quantitative solution of
Diophantine problems, see for instance [Eve84] for another application. This finite-dimensional reduction
does not apply directly when € is a general measure space.

We prove the following quantitative result that gives an upper bound on the number of solutions of
(1.1) with large height:

Theorem 1.2. Fiz N = max ([212 log 2n], [4910752"0 and A > 42N [T, H(a;)*" . Let B be the set of
solutions 8 € K* of system (1.1) satisfying h(B) > log A; then

log 8n N2 N
log(1+¢/2)

The strength of this result is that it holds for any proper adelic curves without extra assumptions, in
particular it is independent of the Northcott property (see Definition 2.8). In other words it can be seen
as a consequence of the product formula only. Notice that the bound on the number of solutions depends
only on n and €. In the concrete case of arithmetic function fields this quantitative result could lead to
interesting applications.

Our proof is based on the ideas in [Cor97] and it follows from the combination of two gap principles.
In general a gap principle for a Diophantine problem is a result that gives a constraint on the distribution
of the heights of the solutions (of the problem). The first gap principle of this paper is very simple and
is an application of the integral Liouville inequality (recalled in Proposition 2.7). It gives a lower bound,
depending on €, on the ratio of the heights of the solutions. The second gap principle is more complicated
since it follows from [DZ25, Theorem 3.9] which in turn relies on a highly nontrivial version of Dyson’s
lemma for multivariate polynomials (see [EV84]). Roughly speaking it gives an opposite constraint to
the first gap principle, in fact the second gap principle says that system (1.1) cannot have “too many big
solutions” whose heights are “spaced enough”.

#B<(N—1)(1+

2 Preliminaries

Here we collect the main definitions from the theory of adelic curves; for more details the reader can
consult [CM20], [CM21] and [DZ25]. We will use the following notations:



log™ z := max{0,logz}, log” z:= min{0,logz}; Vz € Ry
Definition 2.1. Let K be a field of characteristic 0, let Mk be the set of all absolute values of K and let
Q= (2, A, 1) be a measure space endowed with a map
¢: Q — Mg
w = e =gw).
such that for any a € K*, the real valued function w + log |al, lies in L1(£2, u). The triple X = (K, £, ¢) is

called an adelic curve; €2 and ¢ are respectively the parameter space and the parametrization. We denote
with Qo the subset of 2 made of all elements w such that | - |, is archimedean. We set Qg := 2\ Q.

It is easy to show that the set {2, is always measurable [CM20, Proposition 3.1.1].
Definition 2.2. An adelic curve X = (K, 2, ¢) is said to be proper if for any a € K*:

/ log|al, du(w) =0. (2.1)
Q

The above property is obviously a generalisation of the product formula. Let’s mention some important
examples of adelic curves:

Example 2.3. Any number field with the counting measure on  and the “natural” choice of ¢ is a
proper adelic curve. Notice that in this case ¢ could not be injective, in fact in order to obtain a product
formula as in equation (2.1) one usually considers twice the complex embeddings.

Example 2.4. An arithmetic function field K with a big polarisation is a proper adelic curve. For details
see [Voj21, Section 3].

Example 2.5. A polarised algebraic function field (in d > 1 variables) over a field of characteristic 0
can be endowed with a structure of proper adelic curve. For details see [CM20, 3.2.4].

Definition 2.6. Let X = (K, Q, ¢) be a proper adelic curve then the (logarithmic) height of an element
B € K* is defined as

h(B) = hx(8) = /Q log™ |8l du(w).

We also put H(S) := P and extend the height by h(0) = 0.

If K is an algebraic closure of K one can produce a natural structure of adelic curve on K, so that
the height can be defined for any element algebraic over K. The details can be checked on the main
references of this section, but in this paper we don’t need to deal with the extensions of adelic curves. If
w € Qq, by Ostrowski’s theorem there exists a real number ¢(w) €]0,1] such that | - |, = | - |*“) where
on the right we mean the standard euclidean absolute value on C. Thus, we have a map € : Qo —]0,1]
which can be extended to € : @ — [0, 1] by putting €q, := 0. For instance, for an archimedean | - |,, we
have log |2|,, = €(w) log 2, therefore we obtain the explicit expression of the function € on the whole Q:

10g+ 2]

Clearly € is a measurable function. Moreover we always normalise the measure on {2 in order to satisfy
the inequality h(2) < log2. One can prove several standard properties for the height on X, but here we
will need only the following one:

Proposition 2.7 (Integral Liouville inequality). For any distinct o, 8 € K* and any measurable U C
we have:

[ togla— Bluduw) = ~log2 ~ h(a) - h(5)

U

Proof. See [DZ25, Proposition 1.13]. O
Finally, let’s recall the notion of Northcott property for adelic curves

Definition 2.8. A proper adelic curve X = (K, 2, ¢) satisfies the Northcott property if for any C € R
the set {a € K: h(a) < C} is finite.

We point out once again that this notion won’t be needed for our finiteness results.



3 Quantitative result

3.1 First gap principle

We show that for any two distinct solutions of (1.1), the ratio between the heights (if it is > 1) can be
bounded from below by a constant depending only on . In other words the heights of such solutions
must be separated by “big enough gaps”.

Proposition 3.1. Assume A > 4?N' 7| H(o)
of inequalities (1.1) such that

2N!

n . Let 81, B2 € K* two distinct solutions of the system

h(B2) = h(B1) > 0. (3.1)
Then
h(B2) >14 8,
h(B1) 2
Proof. At a place w € S;, use the target «; for both solutions. If w is archimedean, by the triangle
inequality we have

181 = Ball ) < 181 — auf /) (8 — ull/ ) < 2AAH(By)) /)

where €(w) is the function defined in the previous section. So
B = Balu < 29 (AH (1)) 77,

Then we take the logarithm and the integral over S N )., and we obtain the following inequality:

Hd,u—logQ/ edu

SN

/ —log |81 — Balu du > (log A + h(&))/
SNQeo S

NQs

(3.2)
> (log A+ h(B) [ bdu=h(2).
5NQ00
If w is non-archimedean
81 — Bolw < max{|B1 — ailuw, B2 — ailw} < (AH (1)) 7).
and after integrating over S Ny we get
| 1ol = Beludn > tog A+ h(3) [ 6d (3.3)
SN SN

At this point we sum (3.2) and (3.3), and we use the property [q60du > 2+ e:

/ —log|p1 — Ba|wdp > (log A+ h(ﬂl))/9du —h(2) =2 (2+¢)(log A+ h(B1)) — h(2)
s s
Proposition 2.7 applied with U = S now implies
h(B1) + h(B2) +1log2 > (2 +€)(log A + h(f1)) — h(2)
and dividing by h(81) we get:

2 log A — h(2) —log2
MRy, 4e)lowd—h2)~log2
h(B1) h(B1)
We conclude by noting that the hypothesis A > 42N [["_| H(«;) 2 implies log A > 2N!log4 > 4log 2,

so the fractional term above is strictly positive (since h(2) < log2). In fact the proof gives h(B2)/h(f1) >
1+e>1+¢/2. O

Remark 3.2. Under the assumptions of Proposition 3.1, the height is injective on the positive-height
solutions. Moreover, every interval [u,v] with 0 < u < v < co contains only finitely many such heights.
Indeed, for any finite subset 1 < --- < x, of these heights,

(r—1log(1l+e¢) <log(v/u).

This uniform bound on all finite subsets proves the assertion. In particular, any nonempty collection of
these heights bounded below by a positive number has a least element: choose one height v and minimize
in the finite nonempty collection below v. No Northcott assumption is used here.



3.2 Second gap principle
For commodity let’s introduce the following notation:

Definition 3.3. Let I be a real bounded interval with ¢ = inf I, b = sup I and 0 < a < b. The logarithmic
length of I is defined as the real number log g; a singleton has length zero.

Definition 3.4. We say that two vectors a = (a(M),..., o), 3 = (BM, ..., BN)) are componentwise
different if a() # U for j=1,..., N.

We now need to recall some notion and results from [DZ25]; we also keep the exact same notation of
[DZ25] (even for the indices) in order to ease the comparison. Consider a proper adelic curve (K, 2, ¢) and
a set of vectors ay, ..., a,,3 € (KX)V which are componentwise different. We construct the following
matrices T :=T(av, ... o) € M(n x N,K) and T(8) € M((n+1) x N,K):

1 2 N « « )
o o g™ OINC) ()
a(l) a(2) a(N) az a2 e a2
ol Al
T:= : : : o T(B) = :
ozg;l) ozg.?) . . agN) aw) o) )

We denote by /), j =1,..., N the columns of T, that is:
(4)

aq
o) — of
and by ay, for h € {1,2,...,n}, the rows:
ap, = (al(l),af),.. aglN))

Note that we are asking for the matrices 7" and T'(3) to have componentwise different rows.

Definition 3.5. For the matrix T'(3), consider the following real numbers for any j =1,..., N:

pj = 42N' B(]) H (]) 2Nl (34)

P = 4N H H on (3.5)

We say that T'(8) satisfies the h-gap property if the followmg inequality is satisfied:

log p; < 1
logp, ~ 4nNZNV

Vji=1,...,N—1

Definition 3.6. Fix a measurable set S = S;U...US,. We say that an integrable function §: S — R>g
is a column bounding function for T(3) on S if the following inequality holds:

1 . .
- loglal?) — W], > 0(w) Vj=1,...,N,Vh=1,...,n, Yw e S, (3.6)
08 Pj

Remark 3.7. Note that if 8 is column bounding then it follows immediately that |a§Lj) — BW], <1 for
any j=1,..., N, h=1,....,n,w e S.

The following nontrivial theorem is the crucial ingredient for the second gap principle.
Theorem 3.8. Let (K, Q, ¢) be a proper adelic curve. Assume that the matriz T(8) € M((n+1) x N,K)

satisfies the h-gap property (see Definition 3.5). Moreover fix N > 21%log2n and let 0: S — R>q be a
column-bounding function for T(B) (see Definition 3.6). Then

7+/log 2n

Odp < 2+
/s VN



Proof. See [DZ25, Theorem 3.9]. For completeness, when n < 2 the conclusion also follows directly from
Proposition 2.7: for any column j, integration over the .S; gives

/ nh(ﬂ(j))—i-zvh(agj))—&-nlogQ
0du < i :
s h(BD) + 2N!log4 + (2N!/n) 3=, h(a?)

O
The following gap principle informally says that for A big enough we cannot allow too many solutions
of (1.1) having heights which are at the same time big and very spaced.

2N!

Proposition 3.9. Fiz N = max(f21210g2n1, f491§7§2"]) and A > 4*N'T["_ H(a;)™ . Then the
heights of the solutions € K* of (1.1) such that H(B) > A are contained in at most N — 1 inter-
vals of logarithmic length less or equal than logT', where I' = 8nN2N!.

Proof. The chosen N satisfies N > 212log2n and 7\/1°g% < ¢g; the first inequality is strict because
2121og 2n is not an integer. Moreover, N > log,(2n) gives N! > 2V=1 > n_ so

2N &
log A > 2N!log4 + - Zh(ai) > HllaXh(OLi).

i=1

Thus every solution under consideration differs from all the targets.

Assume by contradiction that there are N solutions (i, ..., Oy satisfying
h) 1
h(Bjy1) T

and consider the matrix
a1 (6751 e a1
() (65) . ()

T(B) =

ap Qy ... QO
Br B2 ... BN

Then '

h(B;) +2N!log4 + > | 2h(ay) _ h(B;) +1og A
2h(5;) < 2 _ 1

=~ h(Bjy1) T 4nN2N!

which means that T'(3) satisfies the h-gap property. Moreover since any 3; is a solution of (1.1) we have
that 0 is column bounding for T'(3) on the fixed partition, indeed, for w € S;:

1
log |BJ — il >

1
e log|B — sl > 0(w).
log p; h(B;) +log A o8 f; — el @)

Thus we can apply Theorem 3.8 and contradict | s 0dp > 2 4 ¢ (because of the choice of N). It follows
that no such N-tuple of solutions can exist. By Remark 3.2, the solution heights are locally finite and are
bounded below by log A > 0. If there are any solutions, choose the least uncovered height a and cover
all heights in [a,Ta]. Repeating this procedure produces at most N — 1 intervals: otherwise their left
endpoints would form a forbidden N-tuple. Each interval has logarithmic length logI'; as claimed. O

3.3 Conclusion of the proof

Let’s keep the notations fixed in the introduction of the paper. We use the above gap principles to prove
the main result.



Proof of Theorem 1.2. By Proposition 3.1 the height function A is injective on B, therefore the cardinality
of B is equal to the cardinality of h(B). Let I' = 8a.N?N! and let 71 < --- < x, be the heights in one of
the nonempty intervals provided by Proposition 3.9; there are finitely many by Remark 3.2. The proof
of Proposition 3.1 gives, for r > 2,

(r—1)log(1+¢/2) <logz, —logzy <logl.

Thus r < 1 +1ogI'/log(1 + €/2), also when r = 1. Summing over the at most N — 1 intervals gives

log 8n N2 N'!
log(1+¢/2))"

#h(B) < (N —-1) <1 +
The case B = @ is immediate. O

3.4 A nonempty example without Northcott

Example 3.10. Let K = C(¢), let Q be the closed points of P}, and use counting measure and |f|, =
exp(—ord, f). The degree formula for principal divisors gives the product formula. The height of a
nonzero rational function is the degree of its pole divisor, and every nonzero constant has height zero. In
particular, h(2) = 0 and Northcott fails.

Take n = 3, a; = i for i = 1,2,3, and ¢ = 1/2. Choose N as in Theorem 1.2, set A = 42N' and
L = log A, and choose an integer d > 5L. Let S; consist of the d distinct roots of t¢ — 4, and put
0(p) = 1/(L +d) for p € S = | |, Si. These data define a fixed system. Its solution 8 = t? has height
d> L, and for p € S;,

18— auly = 1 = (AH(8))~"®.

Moreover, |, g0du=3d/(L+d) >5/2. Thus B can be nonempty under the hypotheses of the theorem
on an adelic curve without the Northcott property.
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