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Abstract

Let X be an arithmetic variety over the ring of integers of a number field K, with smooth generic
fiber XK . We give a formula that relates the dimension of the first Arakelov-Chow vector space of X
with the Mordell-Weil rank of the Albanese variety of XK and the rank of the Néron-Severi group
of XK . This is a higher dimensional and arithmetic version of the classical Shioda-Tate formula for
elliptic surfaces.
Such analogy is strengthened by the fact that we show that the numerically trivial arithmetic
R-divisors on X are exactly the linear combinations of principal ones. This result is equivalent to the
non-degeneracy of the arithmetic intersection pairing in the argument of divisors, partially confirming
[GS94, Conjecture 1].
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Introduction

Given a smooth elliptic surface Y → C over an algebraically closed field k, admitting a section and
with generic fiber E (which is an elliptic curve over k(C)), the Shioda-Tate formula compares the
rank of the Néron-Severi group of Y with the rank of the group of the k(C)-rational points of E. The
explicit relation (see [Shi72, Corollary 1.5] or also [Tat95, page 429] for the analogous formula over a
finite base field) reads
X
rk(NS(Y )) = rk(E(k(C)) + 2 +
(fc − 1) ,
(1)
c∈C

where fc is the number of irreducible components of the fiber Yc . Similar geometric formulas have
been recently found for higher dimensional fibrations: see for example [HPW05], [Ogu09], [Kah09].
Remark 0.1. Note that the rank of the Néron-Severi group NS(Y ) coincides with the one of the
numerical Picard group Num(Y ), i.e. the group of divisors of Y modulo numerical equivalence, see
for instance [Ful98, Example 19.3.1]. As a consequence, one can interpret (1) as a relation between
the set of k(C)-rational points of E and the intersection theoretic features of its model Y over C.
Thanks to the analogy between function fields and number fields, one expects an arithmetic version
of (1) to hold for models of curves over a number field K, and moreover it is natural to investigate
the arithmetic higher dimensional setting. The study of intersection theory on completed arithmetic
surfaces was initiated by S. J. Arakelov in [Ara74], which introduced the notion of divisors in this
framework. Such theory was later deepened by G. Faltings in [Fal83] and [Fal84] with a proof of the
Mordell conjecture and of a version of Riemann-Roch theorem for arithmetic surfaces. In the nineties,
H. Gillet and C. Soulé in [GS90a] and [GS90b] further extended the theory to arithmetic varieties of
any dimension by introducing the notion of arithmetic Chow ring, as we recall in subsection 1.1.
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Let hence K be a number field and X → B = Spec OK be a projective arithmetic variety of
relative dimension d such that the generic fiber XK is a smooth, geometrically integral variety over K.
Then, after tensorizing with R only the finite part of the arithmetic first Chow group, one can define
the notion of arithmetic R-divisor of X (see [GS94]) and declare that an arithmetic R-divisor is
numerically trivial if its intersection pairing with any arithmetic R-cycle of complementary dimension
is 0. In Theorem 2.6 we show that
Theorem. An arithmetic R-divisor is numerically trivial if and only if it is a linear combination of
principal ones.
Therefore we bring to light an important difference with algebraic geometry where, on the contrary,
it is customary to find numerically trivial divisors which are not principal. In our proof we make use
of the arithmetic higher dimensional Hodge index theorems for arithmetic divisors and R-divisors,
which are proved by A. Moriwaki respectively in [Mor96] and [Mor13] (see also [YZ17]) and of the
Dirichlet’s unit theorem.
The arithmetic intersection pairing for arithmetic cycles of codimension q, in symbols
dqR (X) × CH
dd+1−q
h , i : CH
(X) −→ R ,
R
was conjectured to be non-degenerate by H. Gillet and C. Soulé in [GS94, Conjecture 1]. Notice that
our Theorem 2.6 confirms this conjecture in the first argument when q = 1.
The result of Theorem 2.6 moreover asserts that the knowledge of the intersection-theoretic
behaviour of an arithmetic R-divisor is enough to reconstruct its class, and suggests that an analogous
of (1) for arithmetic varieties should involve the dimension of the first Arakelov-Chow space. Indeed,
G. Faltings showed in [Fal84, Theorem 4.(d)] that when X is an arithmetic surface:
X
1
dim(CHR (X)) = rk(J(XK )(K)) + 2 +
(fp − 1) ,
(2)
p∈B
1
CHR (X)

where
is the vector space of Arakelov R-divisors modulo rational equivalence, fp is the number
of irreducible components of the fiber Xp , and J(XK ) is the Jacobian variety of the curve XK . The
key result used for the proof of (2) is the arithmetic Hodge index theorem for arithmetic surfaces,
see [Fal84], [Hri85]. Keeping Remark 0.1 and Theorem 2.6 in mind, one can immediately notice the
striking similarities between (1) and (2). Driven by this comparison, we prove in Theorem 3.10 the
following higher dimensional arithmetic version of the Shioda-Tate formula, without making any
assumption on the existence of a K-rational point of the generic fiber.
Theorem. For an arithmetic variety X (as above) of arbitrary dimension:
X
1
(fp − 1) .
dim(CHR (X)) = rk(Alb(XK )(K)) + rk(NS(XK )) + 1 +

(3)

p∈B

The ingredients appearing in the previous formula deserve a quick explanation:

r CH1R (X) is the vector space of Arakelov R-divisors on X modulo rational equivalence. We recall
that an Arakelov R-divisor is an arithmetic R-divisors with harmonic curvature, see [GS90a,
section 5.1].

r Alb(XK ) is the Albanese variety of XK , and it is well known by the Mordell-Weil theorem (see
for example [LN59]) that Alb(XK )(K) is a group of finite rank.

r NS(XK ) is the Néron-Severi group of XK .
r fp is the number of irreducible components of the fiber Xp , as above. Remember that fp = 1 for
all but finitely many primes p.
Notice that, when XK is a curve, (3) coincides with (2), since the group NS(XK ) has rank 1.
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1

Arithmetic intersection theory

Let K be a number field with ring of integers OK , and let Σ denote the set of field embeddings K ,→ C.
We fix for the entire paper a projective arithmetic variety X over OK , that is a regular, flat, integral
projective scheme of finite type over B := Spec OK with smooth and geometrically integral generic
fiber XK . It has geometrically connected fibers because of [Sta-Pr, Lemma 37.48.6]. We denote by
π : X → B its structure map, and by d its relative dimension. For any embedding σ ∈ Σ, we write Xσ
for the C-scheme X ×σ Spec C. The complex analytic spaces associated to Xσ and Xσ are related by
a natural morphism Fσ induced by complex conjugation. As general notation we always attach the
subscript K to a cycle on X in order to denote its restriction to the generic fiber XK .
This section is aimed at reviewing the definition and study of the arithmetic intersection theory
on X, following the classical reference [GS90a], but working instead with R-cycles as done in [GS94].
This will offer us the occasion to fix the notations used throughout all the paper and recall the results
which will be brought into play during the proof of our main contributions.

1.1

The intersection pairing for arithmetic R-cycles

P
Let q ∈ {0, . . . , d + 1}. If Y =
ai Yi is a formal real linear combination of integral subschemes of X of
codimension q, we write Yσ for the corresponding R-cycle of Xσ , and δYσ for the integration current on
the associated analytic R-cycle. A Green current for Yσ is a current gσ on Xσan of bidegree (q − 1, q − 1)
such that
ddc gσ + δYσ = [ω(Y, gσ )]
for a C ∞ -form ω(Y, gσ ) of bidegree (q, q) (that is uniquely determined). Here and for the whole paper,
[ω] stands for the current associated to a smooth form ω.
Definition 1.1. An arithmetic R-cycle of codimension q on X is a pair (Y, (gσ )σ∈Σ ), where Y is a
real linear combination of q-codimensional integral subschemes of X, and gσ is a Green current for
Yσ of real type (i.e. satisfying Fσ∗ (gσ ) = (−1)q−1 gσ̄ ) for all σ ∈ Σ. The set of arithmetic R-cycles
of codimension q on X is equipped with a natural structure of R-vector space, and it is denoted
bq (X). An element of Z
bR1 (X) is simply called an arithmetic R-divisor.
by Z
R
An arithmetic R-cycle (Y, (gσ )σ ) is said to be vertical if its geometric part Y is so, that is if the
support of Y is not surjectively mapped to B by π or, equivalently, if the cycle YK it induces on the
generic fiber is the zero cycle.
For all p ∈ B with p 6= (0), we denote by Xp the cycle on X associated to the fiber of π over p.
By [Ful98, Lemma 1.7.1], it coincides with the pull-back cycle π ∗ p. The subspace of R-cycles of
codimension q on X whose support is contained in Xp is denoted by ZRq (X)p . In particular, ZR1 (X)p
is the finite dimensional subspace generated by the irreducible components of the support of Xp .
Remark 1.2. There is a canonical linear map from the space of vertical R-cycles to the space of
arithmetic R-cycles of X, given by Y 7→ (Y, (0)σ ). In the following, we will often identify a vertical
R-cycle Y of X with its image under this map.
Remark 1.3. Another natural equivalent possibility for the definition of R-arithmetic cycles of
X is to consider Green currents, instead for the set of all embeddings of K in C, just for their
family up to conjugation (that is the set of infinite places of K). The formulas for the arithmetic
intersection product and pairing that we recall in this subsection can be written in this other setting
by distinguishing between real and complex embeddings of K, see [CD20, Appendix B] for the case of
relative dimension d = 1. To avoid confusions with our main reference, we nevertheless stick to the
point of view of considering the whole family of complex embeddings of K.
Notice however that, differently from [GS90a], we do not define Green currents as classes modulo
¯ This divergence turns harmless in our treatment, which is only
the sum by the images of ∂ and ∂.
concerned with arithmetic Chow spaces and arithmetic R-divisors.
Analogously to the classical geometry setting, one can introduce a notion of rational equivalence
for arithmetic R-cycles on X. To do this, let W be an integral subscheme of X of codimension q − 1,
and f ∈ K(W )× a nonzero rational function on it. By the use of Lelong-Poincaré formula, it is
possible to define a Green current for div(f )σ for all σ ∈ Σ, see [GS90a, section 3.3.3] for the precise
c ).
definition, and hence obtain an arithmetic R-cycle of codimension q on X, which is denoted by div(f
When q = 1, this is achieved by setting, for all nonzero rational function f ∈ K(X)× ,

c ) := div(f ), (− log |fσ |2 )σ ,
div(f
where fσ is the analytic function induced by f on the analytic space Xσan .
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Remark 1.4. Since X is a scheme over Spec OK , an element ξ ∈ OK \ {0} defines a nonzero rational
function on X. Its associated arithmetic R-divisor can be written explicitly as
!
m
X

2
c
div(ξ)
=
ei Xp , − log |σ(ξ)|
,
i

σ

i=1

where (ξ) = pe11 · · · pemm is the factorization of the ideal (ξ) in OK . The geometric part in the previous
expression can be checked using the equality of cycles in the proof of [Ful98, Proposition 2.3.(d)]
c
and the definition of the divisor of ξ on Spec OK . In particular, div(ξ)
is vertical. Notice that the
×
c
geometric part of div(ξ) vanishes if and only if ξ ∈ OK . More strongly, by Kronecker’s theorem one
c
has that div(ξ)
is the zero arithmetic cycle on X if and only if ξ is a root of unity in OK .
With the previous notions in mind, we can introduce the arithmetic version (over R) of the classical
geometrical Chow groups.
d qR (X) to be the real vector subspace of Z
bq (X) generated by the
Definition 1.5. We define Rat
R
c ) and by those of the form (0, (∂uσ + ∂v
¯ σ )σ ),
arithmetic R-cycles of codimension q of X of the form div(f
where uσ and vσ are currents of suitable bidegree. The quotient
dqR (X) := Z
bq (X)/Rat
d qR (X)
CH
R
is called the q-th arithmetic Chow space of X.
We can get a feeling about the arithmetic Chow spaces of an arithmetic variety by looking at
some simple examples. In the computations, the following classical result in algebraic number theory
provides a very useful tool; we refer the reader for instance to [Mor13, Corollary 3.4.7] for its proof.
Theorem 1.6 (Dirichlet’s unit theorem). Let K be a number field and Σ denote the setPof embeddings K ,→ C. Assume that (cσ )σ∈Σ is a tuple of real numbers satisfying cσ = cσ and σ cσ = 0.
×
Then, there exist ξ1 , . . . , ξs ∈ OK
and a1 , . . . , as ∈ R such that
cσ = a1 log |σ(ξ1 )|2 + . . . + as log |σ(ξs )|2
for all σ ∈ Σ.
d0R (X) ' R. Indeed, as X is assumed to be
Example 1.7. For any choice of X, one has that CH
irreducible, the only arithmetic R-cycles of codimension 0 are the pairs of the form (aX, (0)σ ) for a
d 0R (X).
real number a, and there are no nontrivial elements in Rat
Example 1.8. Let X = Spec OK . Its generic fiber is Spec K, hence for any choice of σ the corresponding
analytic space consists of a single point. Smooth functions on a point are identifiable to the set of real
numbers, and hence the only currents of bidegree (0, 0) are the real multiples of δXσ , which are the
currents associated to real constants. As a result, an arithmetic R-divisor on X is a pair
!
r
X
b=
D
ai pi , (cσ )σ ,
i=1

P

where D = i ai pi is a real linear combination of nonzero prime ideals of OK , and cσ is a real number
for all σ with the property that cσ = cσ . Analogously to [Ara74], it has an Arakelov degree defined as
r
 
X
1X
d D
b :=
deg
ai log N(pi ) +
cσ ,
2 σ∈Σ
i=1

with N(pi ) being the cardinality of the field OK /pi . Since the Picard group of Spec OK is finite, for
i
b can be expressed
all i = 1, . . . , r there exist mi ∈ N≥1 and ξi ∈ K × such that pm
= (ξi ). Therefore, D
i
1
d
in CHR (X) as
r
X

ai c
b−
D
div(ξi ) = 0, (c0σ )σ
m
i
i=1
for certain real constants c0σ satisfying c0σ = c0σ . Therefore, it follows from Dirichlet’s unit theorem
d : CH
d1R (Spec OK ) → R, which is well-defined because of the
and from Remark 1.4 that the map deg
product formula, is an isomorphism of real vector spaces (see also [Mor13, Proposition 3.4.5]).
Remark 1.9. In the classical theory developed in [GS90a], arithmetic cycles are defined by only
allowing, in the geometric part, Z-linear combinations of q-codimensional integral subschemes of X.
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dq (X), see
In a similar fashion as explained above, this choice induces q-th arithmetic Chow groups CH
[GS90a, Definition 3.3.4]. The natural map
dq (X) −→ CH
dqR (X)
CH
dqR (X). We underline however that the real vector spaces
is well defined and its image spans CH
q
q
d (X) ⊗Z R and CH
dR (X) are in general not isomorphic, as R ⊗Z R 6' R. For instance, compare
CH
d1 (Spec Z)⊗Z R is infinite dimensional by [GS90a,
Example 1.8 with the fact that the real vector space CH
section 3.4.3].
We now briefly recall the construction of the arithmetic intersection product between arithmetic
R-cycles. Let Yσ be an integral subscheme of Xσ of codimension q. A Green form of log type for Yσ is
a smooth differential form GYσ of bidegree (q − 1, q − 1) on the analytic open set Xσan \ Yσan such that:

r GYσ is of log type along Yσan (see [GS90a, 1.3.2] for the precise definition of “log type”).
r [GYσ ] is a Green current for Yσ .

P
For a not necessarily prime R-cycle Yσ = i ai Yi,σ of pure dimension q, a Green form of log type for
Yσ can be defined as
X
GYσ :=
ai GYi,σ ,
i

where each GYi,σ is a Green form of log type for Yi,σ . In [GS90a, 1.3.5, Theorem] it is shown that for
a given Y , a Green form of log type for Yσ always exists.
Now we are going to define a “wedge product” between two particular currents associated to cycles.
Consider an R-cycle Yσ of pure codimension q on Xσ , and let Zσ ⊆ Xσ be an integral subscheme of
codimension p such that Zσ is not contained in the support of Yσ . Moreover consider ψσ := ισ ◦ fσ ,
where fσ is a desingularization of Zσ and ισ : Zσ ,→ Xσ is the closed embedding. If GYσ is a Green
form of log type for Yσ , we put:
[GYσ ] ∧ δZσ := (ψσ )∗ [ψσ∗ GYσ ] ,
which is a current of bidegree (p + q − 1, p + q − 1). This extends by linearity on Zσ to the case of
R-cycles whose irreducible components are not contained in the support of Yσ .
At this point we are ready to give the definition of the ∗-product between Green currents. Let Y
and Z be two R-cycles of X intersecting properly on XK . For σ ∈ Σ, consider Green currents gY,σ
and gZ,σ for Yσ and Zσ respectively. Then we put:
gY,σ ∗ gZ,σ := [GYσ ] ∧ δZσ + ω(Y, gY,σ ) ∧ gZ,σ ,

(4)

¯ (note that such
where GYσ is any Green form of log type for Yσ such that gY,σ − [GYσ ] ∈ Im(∂ + ∂)
a GYσ always exists thanks to [GS90a, Theorem 1.3.5, and Lemma 1.2.4]). One can show that the
¯ and moreover that
binary operation defined in (4) yields a uniquely defined current modulo Im(∂ + ∂)
¯
it is associative and commutative modulo Im(∂ + ∂).
dqR (X) and Z
dpR (X), with
b = (Z, (gZ,σ )σ ) ∈ CH
Given two arithmetic R-cycles Yb = (Y, (gY,σ )σ ) ∈ CH
Y and Z intersecting properly on X, the following intersection product is well defined:
b := (Y · Z, (gY,σ ∗ gZ,σ )σ ) ∈ CH
dp+q
Yb · Z
(X) ;
R

(5)

here, Y · Z is the usual schematic intersection product between R-cycles of X. More in general, thanks
to [GS90a, Theorems 4.2.3 and 4.5.1] (see also [SABK94, III.2.2, Theorem 2]) we have a uniquely
defined bilinear and symmetric arithmetic intersection product:
dpR (X) × CH
dqR (X) −→ CH
dp+q
CH
(X)
R
d∗R (X) = L
dq
b
that extends (5) and makes CH
q≥0 CHR (X) a commutative, graded R-algebra. If Y is
an arithmetic R-cycle on X, we naturally have an arithmetic R-cycle π∗ Yb on B, which consists of
the proper pushforward of cycles in the geometric part and of currents in the infinite part. So, for
all q ∈ {0, . . . , d + 1}, the composition of the arithmetic intersection product, the operator π∗ , and the
d1R (B) defined as in Example 1.8 give the bilinear intersection pairing
Arakelov degree on the base CH
dqR (X) × CH
dd+1−q
h , i : CH
(X) −→ R .
R

(6)

b W
c of arithmetic R-cycles on X
Using the associativity of the intersection product, for all triples Yb , Z,
with codimensions summing to d + 1, one has
D
E D
E
b·W
c = Yb · Z,
b W
c .
Yb , Z
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Remark 1.10. Recall the identification between vertical R-cycles and their associated canonical
arithmetic R-cycles of X, as explained in Remark 1.2. Let Z be a vertical R-cycle of X, and
Yb = (Y, (gY,σ )σ ) an arbitrary arithmetic R-cycle with Y and Z intersecting properly. It follows from
(5) and the fact that Zσ = 0 for all σ that Yb · Z = Y · Z.
d1R (X), then without any change in the actual formulas, it is
b = (D, (gσ )) ∈ CH
Remark 1.11. Let D
D
E
b = (C, (tσ )σ ) is just a couple made of a real
b C
b when C
possible to define the intersection pairing D,
cycle C of codimension d and a collection of currents (tσ )σ of bidegree (d − 1, d − 1) of real type which
are not necessarily Green currents for Cσ . This can be done by using a version of the moving lemma
for R-divisors to reduce to the case of proper intersection, then by applying equation (5) to calculate
b ·C
b as in [Mor14, Definition 5.16], and finally by taking the pushforward and the Arakelov degree
D
on the base B as explained above. We observe in particular that, up to moving D so that it intersects
C properly, one has
 
D
E


d D
d π∗ D · C, ([gσ ] ∧ δC,σ )σ
b |C := D,
b (C, (0)σ ) = deg
deg
b along C from [BGS94, section 2.3].
is the extension to arithmetic R-divisors of the arithmetic degree of D
We refer the reader to [Mor12, section 5.3] and [Mor13, sections 0.2 and 2.1] for a definition of

d D
b for its extensions to the intersection numbers of
b |C under more relaxed hypotheses on D,
deg
higher dimensional cycles and for its comparison with analogous generalizations by S.-W. Zhang in
[Zha95, Lemma 6.5] and by V. Maillot in [Mai00, chapitre 5].
Nevertheless, we underline the fact that in the more general assumptions of this remark, the
b · C,
b although well-defined, is not necessarily an element of CH
dd+1
object D
(X).
R

1.2

Arithmetic Hodge index theorems

We now introduce the higher dimensional arithmetic Hodge index theorem for arithmetic divisors and
R-divisors on an arithmetic variety X which satisfies the same properties as at the beginning of the
section; their proof is due to A. Moriwaki. For simplicity we adopt the following notations:

r If Z is a R-cycle on X, then (ZK )m denotes the m-fold intersection product of the restriction of
Z on the K-algebraic variety XK .

r If Zb is an arithmetic R-cycle on X, then Zbm denotes the m-fold arithmetic intersection product.
1

d (X); because of [GS90b, Proposition 2.5.(iv)], it can be expressed as
b = (A, (gσ )σ ) ∈ CH
Let A
(div(s), (− log hσ (s, s))σ ) for a rational section s of a unique (up to isometry) hermitian line bundle
b is ample if L is (relatively) ample on X, the form ω(A, gσ ) is
(L , (hσ )σ ) on X. We say that A
0
positive definite for all σ and H (X, nL ) is generated by strictly small sections as a Z-module for n
big enough (see [Mor14, section 5.10] for details).

d D
b = (D, (gσ )σ ) is said to be nef if deg
b |C ≥ 0 for any integral
An arithmetic R-divisor D
curve C ⊆ X (recall Remark 1.11) and ω(D, gσ ) is positive semi-definite for all σ. Finally, we say that
b is integrable (in the sense of Moriwaki) if it can be expressed as the difference of two nef arithmetic
D
R-divisors.
Theorem 1.12 (arithmetic Hodge index theorem). Assume that d ≥ 1, and fix an ample arithmetic
b on X. For any arithmetic divisor D
b such that
divisor A


deg DK · (AK )d−1 = 0
we have that:

D

E
b 2, A
bd−1 ≤ 0 .
D

(7)

b ∈ CH
d1 (B) and n ∈ N≥1 such that nD
b = π ∗ (E).
b
The equality in (7) is achieved if and only if there are E
Proof. See [Mor96, Theorem B].
The extension of Theorem 1.12 is not straightforward for arithmetic R-divisors, since a negative
definite quadratic form q : Q2 → R doesn’t necessarily extend to a negative definite quadratic form
on R2 . Nevertheless we have the following weaker result:
Theorem 1.13 (arithmetic Hodge index theorem for real divisors). Assume that d ≥ 1, and fix an
b on X. For any integrable arithmetic R-divisor D
b such that
ample arithmetic divisor A


deg DK · (AK )d−1 = 0
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we have that:

D

E
b 2, A
bd−1 ≤ 0 .
D

(8)

Moreover, if in (8) equality holds, then DK = 0 in CH1R (XK ).
Proof. See [Mor13, Theorem 2.2.5].
Remark 1.14. The statement of [Mor13, Theorem 2.2.5] holds in a more general setting: in fact
b to be an ample arithmetic Q-divisor.
the author allows Green currents to be just of C 0 -type, and A
Although the original proof is given for the case K = Q, it is not difficult to modify it for a general
number field.
We conclude this subsection by giving a form of the Hodge index theorem for arithmetic R-divisors
which are vertical over a prime of the basis.
To state it, recall that for a prime p =
6 (0) we denote by ZR1 (X)p the space of R-divisors of X
with support contained in the fiber Xp . As in Remark 1.2, we identify an R-divisor D of X which is
bR1 (X).
vertical over p with its canonical image in Z
b on X, and a prime p 6= (0) in B. Then, the
Proposition 1.15. Fix an ample arithmetic divisor A
association
h , ip,Ab : ZR1 (X)p × ZR1 (X)p

−→

(D, E)

7−→

R
D
E
bd−1
D, E · A

is a negative semi-definite symmetric bilinear form, and hD, Dip,Ab = 0 if and only if D ∈ RXp .
Proof. The function h , ip,Ab is clearly bilinear and symmetric, because of the corresponding properties of
the arithmetic intersection product. Therefore, we can prove the claim by means of the Zariski’s Lemma
for general finite dimensional real vector spaces, for instance in the form of [Mor13, Lemma 1.1.4]. As
b is fixed, we will put for simplicity of notations h , i := h , i b in the remaining of the proof, and
A
p
p,A
denote by A the corresponding underlying divisor on X.
The irreducible components Γ1 , . . . ,P
Γr of the fiber of X over p are generators for the real vector
space ZR1 (X)p , and we have that Xp = i ai Γi for some positive integers a1 , . . . , ar .
As CH1 (B) is a finite group, the geometric cycle Xp = π ∗ p is a torsion element in CH1 (X).
Therefore, there exist m ∈ N≥1 and f ∈ K(X)× such that mXp = div(f ). This implies that the
d1R (X) and then that
equality (Xp , (0)σ ) = (0, (log |fσ |2 /m)σ ) holds in CH
D
E
bd−1 = 0
hΓi , Xp ip = Γi , (0, (log |fσ |2 /m)σ ) · A
for all i = 1, . . . , r, thanks to Remark 1.10.

The same remark ensures that for all i 6= j one has hΓi , Γj ip = log N(p) deg Γi · Γj · Ad−1 . The
product Γi · Γj is effective by definition, see for instance [Ful98, section 2.3]. As A is ample, the
Nakai-Moishezon criterion gives that hΓi , Γj ip ≥ 0 for all choice of i 6= j, and moreover the sign is
strictly positive if Γi and Γj have nonempty intersection, refer to [Ful98, Lemma 12.1].
Finally, recall that the fiber of X over p is connected. Hence, for every i =
6 j there exist a sequence of
indices i = i1 , i2 , . . . , i` = j such that Γk and Γk+1 have nonempty intersection for all k = 1, . . . , ` − 1.
Applying readily [Mor13, Lemma 1.1.4 (2)], one concludes the proof of the statement.
Notice that related proofs of the previous result in slightly different settings can be found in
[HPW05, Lemma 2.1] and (in the case of surfaces) in [Liu02, Theorem 9.1.23].

2 Characterization of numerically trivial arithmetic Rdivisors
This section is devoted to prove that, for arithmetic R-divisors, numerical equivalence is actually
the same as rational equivalence. This result will be an extension and a generalization of [BC09,
Theorem 7.1], of which we follow the strategy. Note that, for algebraic varieties over a field, numerically
equivalent divisors are in general not rationally equivalent; therefore we are going to prove an important
distinctive feature of arithmetic geometry.

7

b is said to be numerically trivial if
Definition 2.1. An arithmetic R-divisor D
D
E
b C
b =0
D,
d

b ∈ CH
dR (X). The set of all numerically trivial arithmetic R-divisors is a real vector subspace
for all C
tr
1
b
[ R (X). Two arithmetic R-divisors are said to be numerically equivalent if
of ZR (X), denoted by Num
their difference is numerically trivial.
Before considering the general situation, it is illustrative to consider the simpler case of d = 0, and
characterize numerically trivial arithmetic R-divisors in this instance.
b on X is
Example 2.2. Let X = Spec OK . Because of Example 1.7, an arithmetic R-divisor D
numerically trivial if and only if it has vanishing Arakelov degree. As in Example 1.8, the Dirichlet’s
b is a real linear combination of principal arithmetic divisors.
unit theorem implies then that D
Even in the general setting, numerically trivial arithmetic R-divisors satisfy several restrictive
properties. The first one concerns their curvature form.
b = (D, (gσ )σ ) is a numerically trivial arithmetic R-divisor, then ω(D, gσ ) = 0
Proposition 2.3. If D
for all σ ∈ Σ.
Proof. Assume that d ≥ 1, as the claim is otherwise trivial, and fix τ ∈ Σ. The complex vector
space A 1,1 (Xτan ) of smooth forms on Xτan of bidegree (1, 1) is a locally convex topological space when
equipped with its Schwartz’s topology from [deR84, section 9].
Assuming by contradiction that ω(D, gτ ) 6= 0, one can consider the continuous linear functional
on the linear span of ω(D, gτ ) of A 1,1 (Xτan ) defined by sending ω(D, gτ ) to 1. The Hahn-Banach
theorem for locally convex topological vector spaces (see [Rud91, Theorem 3.6]) ensures then the
existence of a continuous linear functional T on A 1,1 (Xτan ) such that T (ω(D, gτ )) = 1. By definition,
T is a current of bidegree (d − 1, d − 1).
Because of [deR84, Theorem 12 at page 68], the set of smooth forms of bidegree (d − 1, d − 1) has
dense image in the space of currents of the same bidegree. In particular, T can be approximated by a
sequence (tk )k of Green currents for the d-codimensional zero cycle on Xτan , and so
1 = T (ω(D, gτ )) = lim tk (ω(D, gτ )) .
k

To get a contradiction, we show that for all choice of a Green current t for the d-codimensional zero
cycle on Xτan , one must have t(ω(D, gτ )) = 0. To do this, assume that τ is a complex embedding, the
proof being analogous if τ is real, and consider the arithmetic cycle of codimension d:
with tσ = 0 for σ ∈
/ {τ, τ }, tτ = t and tτ = (−1)d−1 Fτ∗ t .
D
E
b tXτ = 0 implies that (ω(D, gτ )∧t)(1) = 0,
b is numerically trivial, the explicit expression of D,
Since D
as desired.
tXτ := (0, (tσ )σ )

Before listing other features of numerically trivial arithmetic R-divisors, we recall that an R-divisor
D on X is said to be divisorially π-numerically trivial if deg(D|C ) = 0 for any curve C contained
in the support of some fiber Xp ; here deg(D|C ) denotes the usual geometric degree of D along the
curve C.
b = (D, (gσ )σ ) be a numerically trivial arithmetic R-divisor of X. Then:
Lemma 2.4. Let D
(1) D is divisorially π-numerically trivial.
(2) deg(DK · C) = 0 for any integral curve C ⊆ XK .
b is nef; in particular, it is integrable in the sense of Moriwaki.
(3) D
Proof. For the first claim, let C be any vertical curve C ⊆ Xp , and as usual identify it with an
arithmetic R-cycle. Because of Remark 1.10, one has that
D
E
b C = log N(p) deg(D|C ) ,
0 = D,
implying the conclusion.
For the proof of (2), it is enough to recall that the degree of a 0-cycle is invariant under base
change, and that for any choice of σ ∈ Σ one has that ω(D, gσ ) = c1 (O(Dσ )), where the line bundle
O(Dσ ) is equipped with the canonical hermitian metric defined from gσ . Therefore:
Z
deg(DK · C) = deg(Dσ · Cσ ) =
ω(D, gσ ) ,
an
Cσ
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but the last integral vanishes because of Proposition 2.3.

d D
b |C = 0 for any integral curve
In order to prove the third claim, it is enough to show that deg
C of X, since we already know by Proposition 2.3 that ω(D, gσ ) = 0 for all σ. Choosing any Green
current tσ for Cσ , we have by bilinearity of the generalized intersection pairing that
E D
E D
E
D
E
 D
d D
b |C = D,
b (C, (0)σ ) = D,
b (C, (tσ )σ ) − D,
b (0, (tσ )σ ) = − D,
b (0, (tσ )σ )
deg
as the first summand coincides with the intersection pairing for arithmetic R-cycles, and hence it
b Recalling that the generalized arithmetic intersection product is
vanishes by the assumption on D.
defined as in Remark 1.11, we get
b · (0, (tσ )σ ) = (0, (ω(D, gσ ) ∧ tσ )σ ) .
D
But in Proposition 2.3 we showed that ω(D, gσ ) = 0 for all σ, therefore the claim follows.
We finally recall a very useful lemma from commutative algebra. Here and in the following, we
silently identify an element of a Z-module M with its canonical image in M ⊗Z R.
Lemma 2.5. Let M be a Z-module. Then the following assertions hold:
(1) For x ∈ M ⊗Z R, there are xP
1 , . . . xr ∈ M and λ1 , . . . , λr ∈ R such that λ1 , . . . , λr are linearly
independent over Q and x = ri=1 λi xi .
(2) Let
Pr x1 , . . . xr ∈ M and λ1 , . . . , λr ∈ R such that λ1 , . . . , λr are linearly independent over Q. If
i=1 λi xi = 0 in M ⊗Z R, then x1 , . . . xr are torsion elements of M .
Proof. See [Mor13, Lemma 1.1.1].
With the previous results in mind, we dispose of all the ingredients needed to state and prove the
main result of this section.
Theorem 2.6. The following equality of R-vector spaces holds:
tr

1

d R (X) .
[ R (X) = Rat
Num
In other words, two arithmetic R-divisors are numerically equivalent if and only if they are equal
d1R (X).
in CH
tr

d 1R (X) ⊆ Num
[ R (X), so let us show the other inclusion. When d = 0, the statement
Proof. Clearly Rat
is proven in Example 2.2, therefore we assume for the rest of the proof that d ≥ 1, so that one can
apply the various versions of the arithmetic Hodge index theorem. To do that, we also fix the choice
b on X, whose existence is granted by the projectivity assumption
of an ample arithmetic divisor A
on X, see for instance [Cha17, Corollary 2.11].
d1R (X) a numerically trivial R-divisor D
b = (D, (gσ )σ ) is the
Our first goal is to show that inside CH
pull-back of an arithmetic R-divisor on B.
Thanks to Lemma 2.5.(1)
we can find λ1 , . . . λr ∈ R linearly independent over Q and D1 , . . . , Dr ∈
P
Div(X) such that D = i λi Di . We notice that every Di is divisorially π-numerically trivial. Indeed,
for any vertical curve C, one has by Lemma 2.4.(1) that
0 = deg(D|C ) =

r
X

λi deg(Di|C ) .

i=1

So, by the linear independence of the coefficients λi over Q we conclude that deg(Di|C ) = 0 for
all i = 1, . . . , r. The analogous argument applied to the generic fiber, together with Lemma 2.4.(2),
shows that for any integral curve C ⊆ XK we have deg(Di,K · C) = 0. This last observation implies
that, for any embedding σ, the Chern class c1 (O(Di,σ )) is 0. Therefore, we can choose a Green current
gi,σ for Di,σ such that ω(Di , gi,σ ) = 0, see [GS90a, 3.3.5 Theorem, (ii)].
Since we also have ω(D, gσ ) = 0 for every σ thanks to Proposition 2.3, we deduce that the current
Gσ := gσ −

r
X

λi gi,σ

i=1
0
satisfies ddc (Gσ ) = 0. Now put for example g1,σ
:= g1,σ +
0
Di,σ satisfying ω(D1 , g1,σ ) = 0 and by construction:

0
λ1 g1,σ
+

r
X

Gσ
λ1

0
. Then, gi,σ
is again a Green current for

λi gi,σ = gσ .

i=2
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0
In other words, up to replacing g1,σ by g1,σ
, we have proved that there exists a decomposition

b=
D

r
X

bi ,
λi D

i=1

b i = (Di , (gi,σ )σ ) is such that Di ∈ Div(X) is
where for all i = 1, . . . , r the arithmetic divisor D
divisorially π-numerically trivial and ω(Di , gi,σ ) = 0 for all σ.
b is numerically trivial, the arithmetic
Using the entries (2) and (3) of Lemma 2.4 and the fact that D
Hodge index theorem for real divisors stated in Theorem 1.13 implies that
r
X

λi Di,K = DK = 0

inside CH1R (XK ) .

i=1

Now it follows from Lemma 2.5.(2) that each Di,K is a torsion element in CH1 (XK ), which in turn
means that for some ni ∈ N≥1 the divisor ni Di is (up to linear equivalence) vertical and divisorially
b on X, we have that
π-numerically trivial. In particular, for the fixed ample arithmetic divisor A
bi) · A
bd−1 can be represented by a vertical arithmetic cycle (C, (tσ )σ ) of codimension d. Therefore,
(ni D


deg (ni Di )K · (AK )d−1 = 0
and
D

E D
E D
E
D
E
b i , (C, (tσ )σ ) = ni D
b i , (C, (0)σ ) + ni D
b i , (0, (tσ )σ ) = 0 ,
b i )2 , A
bd−1 = ni D
(ni D

where the last equality descends from Remark 1.10, the fact that ni Di is divisorially π-numerically
trivial and that ω(Di , gi,σ ) = 0 for all σ. Thanks to the arithmetic Hodge index theorem in
bi ∈ CH
d1 (B)
Theorem 1.12, we conclude that there exist a multiple mi of ni and an element E
b i = π ∗ (E
bi ). Therefore, as the same equality holds in CH
d1R (X), the linearity of the
such that mi D
d1R (B) → CH
d1R (X) gives
pull-back π ∗ : CH
b=
D

r
X
i=1

bi =
λi D

r
X
λi ∗ b
b ,
π (Ei ) = π ∗ (E)
m
i
i=1

Pr

b :=
b
for E
i=1 (λi /mi )Ei .
b vanishes in the first arithmetic Chow space of B.
To conclude, it is hence sufficient to show that E
b
d1R (B) in the form (0, (cσ )σ ), where cσ are real
We know by Example 1.8 that E can be written in CH
b = 0 if and only if P cσ = 0. To check this last equality,
constants satisfying cσ = cσ , and that E
σ
b = π ∗ (E)
b with an arbitrary
it is enough to intersect the numerically trivial arithmetic R-divisor D
b
arithmetic cycle C of codimension d on X satisfying deg(CK ) 6= 0. Indeed, the relation in [GS90a,
Theorem 4.3.9] and the definitions of the intersection product in (5) and of the Arakelov degree in
Example 1.8 yield
D
E D
E


X
d E
b C
b = π ∗ (E),
b C
b = deg
b · π∗ (C)
b = deg(CK )
0 = D,
cσ ,
2
σ∈Σ
as desired.
One interpretation of the result in Theorem 2.6 is that the numerical equivalence of arithmetic
R-divisors is a very restraining relation, preventing the novelty of a natural definition for the numerical
Chow real vector space in the context of arithmetic geometry.
It also asserts that the arithmetic intersection pairing in (6) is non-degenerate in the first argument
when q = 1, proving part of a conjecture of H. Gillet and C. Soulé, see [GS94, Conjecture 1]. Notice
that Theorem 2.6 together with one part of the arithmetic hard Lefschetz conjecture in [GS94,
Conjecture 2.(i)] would be sufficient to confirm the full non-degeneracy for q = 1. To summarize, we
have the following:
Corollary 2.7. Let X be a projective arithmetic variety of relative dimension d ≥ 1 over the ring of
integers of a number field. Then, the pairing
d1R (X) × CH
ddR (X) −→ R
CH
is non-degenerate in the first argument. Moreover, it is non-degenerate if the Lefschetz operator
d1R (X) → CH
ddR (X)
Ld−1 : CH
associated to an ample arithmetic divisor on X is surjective.
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Remark 2.8. The general form of Gillet–Soulé’s conjecture predicts that the pairing (6) is nondegenerate for all q ∈ {0, . . . , d + 1} and would be implied by the verification of arithmetic analogues
of Grothendieck’s standard conjectures, see [GS94, section 1] for details.
Regarding these last ones, we recall that it is sufficient to check them for Arakelov cycles, as proved
in [Kue95, Proposition 3.1]. Moreover, they hold true when d = 1 (thanks to the Hodge index theorem
for arithmetic surfaces proved by G. Faltings and P. Hriljac) or q = 0 (by [GS94, Theorem 1.(i)]).
Also, K. Künnemann in [Kue95], K. Künnemann and V. Maillot in [KM00] and Y. Takeda in [Tak98]
proved that both conjectures holds true for some special arithmetic varieties, including projective
spaces. A. Moriwaki gave a partial answer to the second one when q = 1 in [Mor96, Theorem A] as a
consequence of the higher dimensional arithmetic Hodge index theorem.

3

The first Arakelov-Chow space and its dimension

As in the previous sections, we consider a number field K with ring of integers OK and set of
embeddings Σ of K into C, and a projective arithmetic variety X of relative dimension d over OK .
Moreover, for all σ ∈ Σ, we fix the choice of a Kähler form Ωσ on Xσan such that Fσ∗ (Ωσ ) = −Ωσ and
¯
we put Ω = (Ωσ )σ∈Σ . Notice that, for all embedding σ, the choice of Ωσ defines a ∂-Laplace
operator
on the space of smooth forms on Xσan , and then a notion of harmonicity.
We take advantage of this extra analytic structure to recall the definition of Arakelov R-cycles and
to attach to X its first Arakelov-Chow space. We then show that such a real vector space is finite
dimensional and we express its dimension in terms of the geometry and arithmetic of X.

3.1

Arakelov R-divisors

It is not difficult to see that, whenever d ≥ 1, the real vector space of arithmetic R-divisors modulo
rational equivalence has infinite dimension. For this reason it is useful, following [GS90a, section 5.1],
to restrict our attention to a particular type of arithmetic R-divisors, which turn out to be precisely
those originally introduced by Arakelov in [Ara74] when d = 1. The definition can in fact be given for
arithmetic R-cycles of arbitrary codimension q ∈ {0, . . . , d + 1}; to do this, we recall that if (Y, (gσ )σ )
is an arithmetic R-cycle of codimension q there exists, for all embedding σ, a smooth form ω(Y, gσ ) of
bidegree (q, q) on Xσan for which ddc gσ + δYσ = [ω(Y, gσ )].
bq (X) such
Definition 3.1. An Arakelov R-cycle of codimension q on X is an element (Y, (gσ )σ ) of Z
R
that ω(Y, gσ ) is harmonic with respect to Ωσ , for all σ ∈ Σ. Arakelov R-cycles of codimension q on X
q
1
form a real vector subspace, which is denoted by Z R (X). An element of Z R (X) is simply called an
Arakelov R-divisor.
d qR (X) are actually Arakelov RThanks to the Lelong-Poincaré formula, the arithmetic R-cycles in Rat
cycles, therefore we can define the analogue of the arithmetic Chow spaces of X in this setting.
Definition 3.2. The q-th Arakelov-Chow space of X is defined as the quotient
q
q
d qR (X) ,
CHR (X) := Z R (X)/Rat
q
dqR (X).
or equivalently as the image of Z R (X) in CH

Notice that, for simplicity of notations, we dropped the dependence from the choice of the Kähler
q
q
form Ω in the definitions of Z R (X) and CHR (X), as we suppose it fixed throughout all the section.
In the easiest cases, the Arakelov-Chow spaces match the arithmetic Chow spaces introduced in
Definition 1.5, as the following two examples show.
Example 3.3. For any choice of X, the zero codimensional arithmetic cycle (X, (0)σ ) is of Arakelov
0
type, as ω(X, 0) = 1. In particular, as in Example 1.7 one has that CHR (X) ' R.
Example 3.4. Let X = Spec OK . Any arithmetic R-divisor on X is also an Arakelov R-divisor, since
1
Xσan is zero dimensional. Therefore, it follows from Example 1.8 that CHR (Spec OK ) is a real vector
space of dimension 1.
Being an Arakelov R-divisor becomes a more restrictive requirement when d ≥ 1. The following
well known proposition gives a beautiful and simple way of expressing Arakelov R-divisors. To state it,
we denote by RXσ the one-dimensional
R-vector space formally generated by the symbol Xσ . There
L
is a natural involution F∞ on σ∈Σ RXσ obtained by exchanging the real coefficients of Xσ and Xσ
for all σ; the subset of elements of the direct sum which are fixed by this involution is denoted, as
usual, by the use of a superscript.
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Proposition 3.5. The following map between R-vector spaces is an isomorphism:
!F∞
M
1
1
Z R (X) −→ ZR (X) ⊕
RXσ
σ∈Σ

7−→

(D, (gσ )σ )

D+

X

Hσ (gσ )Xσ ,

σ∈Σ

where Hσ is the orthogonal projection onto the space of harmonic functions on Xσan .
Proof. First of all, remark that the notion of arithmetic R-divisor from Definition 1.1 agrees with the
one given in [GS90a, section 3.3.3], since in this case the images of ∂ and of ∂¯ in the space of currents
of bidegree (0, 0) are trivial. Therefore, Arakelov R-divisors according to Definition 3.1 coincide
with the ones considered in the cited reference, and the claim is a real-coefficients version of [GS90a,
section 5.1.1, Lemma]. Notice in particular that for all σ one must have Hσ (gσ ) ∈ R, since Xσan is a
connected compact complex manifold.
F∞
L
If an Arakelov R-divisor is identified with an element of ZR1 (X)⊕
via the isomorphism
σ RXσ
of the above proposition, we say that it is expressed in explicit form.
Notation. From now on, we will freely use the identification given by the statement of Proposition 3.5.
To avoid possible confusions, we will always adopt the different notations with parentheses
P and with
sums to distinguish between an Arakelov R-divisor (D, (gσ )σ ) and its explicit form D + cσ Xσ .
An Arakelov R-divisor is said to be vertical if it is vertical as an arithmetic R-divisor. The subspace
of vertical Arakelov R-divisors is denoted by VertR (X). Hence one clearly has:
!F∞
VertR (X) =

M

ZR1 (X)p

⊕

M

RXσ

,

(9)

σ∈Σ

p6=(0)

where we recall that ZR1 (X)p stands for the real vector space of R-divisors of X with support contained
in Xp .
Remark 3.6. Recall that if D is a vertical R-divisor on X, there is a canonical way to view it as an
arithmetic R-divisor by adjoining to it the vanishing current on Xσan for all σ. The obtained arithmetic
R-divisor is of Arakelov type and its explicit form is D. Hence, the abuse of notation introduced in
Remark 1.2 is compatible with the identification given by Proposition 3.5.
We conclude this subsection with an application of Dirichlet’s unit theorem, which shows a useful
1
relation in CHR (X).
Proposition 3.7. For any prime p 6= (0) in B and any embedding τ ∈ Σ there is a real number c 6= 0
1
such that the Arakelov R-divisor Xp is equal to cXτ + cXτ in CHR (X).
Proof. Denoting by h the class number of K, we have by definition that ph = (ξ) for a nonzero
×
element ξ ∈ OK \ OK
. Hence, by Remark 1.4,
X
c
div(ξ)
= hXp −
log |σ(ξ)|2 Xσ .
(10)
σ∈Σ

Set now
c :=

1 X
log |σ(ξ)|2 .
2h σ∈Σ

×
Notice that c 6= 0, as the product formula would otherwise imply that ξ ∈ OK
. Moreover, equality (10)
1
ensures that the difference Xp − cXτ − cXτ can be represented in CHR (X) by the Arakelov R-divisor

1 X
log |σ(ξ)|2 Xσ − cXτ − cXτ ,
h σ∈Σ
which has coefficients summing to zero. The claim follows hence from the fact that such Arakelov
R-divisor is a real combination of principal ones, which can be shown by using Dirichlet’s unit theorem
as in the last part of the proof of Theorem 2.6 or in Example 1.8.
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3.2

The arithmetic Shioda-Tate formula

We prove in this subsection our arithmetic Shioda-Tate formula relating the dimension of the first
Arakelov-Chow vector space with the Mordell-Weil rank of the Albanese variety of XK . In doing
1
this, we exhibit an explicit basis of CHR (X). Notice that, throughout all the proof, we will use the
identification between an Arakelov R-divisor of X and its explicit form provided by Proposition 3.5.
Our first step is to introduce a distinguished subspace S of the first Arakelov-Chow space and
to compute its dimension in terms of the geometry of X. To do this, consider the generic fiber XK
of X, which is by assumption a smooth and geometrically integral projective variety over K. Its
Néron-Severi group NS(XK ) is by definition the group of classes of divisors of XK modulo algebraic
equivalence in the sense of [BG06, A.9.39]. It follows then from the theorem of the base, see for
instance [SGA, XIII, Théorème 5.1], that NS(XK ) is an abelian group of finite rank, which we denote
by r from now on.
By taking a set of independent generators for the free part of NS(XK ), considering arbitrary
preimages in Div(XK ) and finally taking the Zariski closure in X, one obtains a family
{W1 , . . . , Wr }

(11)

of divisors on X, that we suppose fixed for the remaining of the section. Denote by W1,K , . . . , Wr,K
their respective restrictions to the generic fiber of X; by construction, they are divisors of XK whose
classes in NS(XK ) ⊗ R are a basis of this real vector space.
Also, in view of Proposition 3.5, the divisors W1 , . . . , Wr can be seen as Arakelov R-divisors on X.
They are not vertical, as their restriction to the generic fiber cannot vanish by construction. Finally,
denote by S the image of
r
M
1
RWi ⊆ Z R (X)
VertR (X) +
(12)
i=1

in the vector space

1
CHR (X).
1

Lemma 3.8. In the above notations, S is a finite dimensional vector subspace of CHR (X). Moreover,
X
dim(S) = rk(NS(XK )) + 1 +
(fp − 1) ,
p6=(0)

where fp denotes the number of irreducible components of the fiber Xp .
L
RWi in the first Arakelov-Chow
Proof. Observe first that the images of VertR (X) and
L space of X
RWi and the
are in direct sum. Indeed, consider an element in the intersection of the image P
of
image of a vertical Arakelov R-divisor. It is the class of an Arakelov R-divisor i αi Wi for which
P
c j ) ∈ Rat
d 1R (X) such that
there is k λj div(f
j=1

r
X

αi Wi +

i=1

k
X

c j)
λj div(f

j=1

is vertical. By definition, this implies that on the generic fibre XK
r
X

αi Wi,K +

i=1

k
X

λj div(fj ) = 0 ,

j=1

P
and in turn that
αi Wi,K = 0 in NS(XK ) ⊗ R. The choice of W1 , . . . , Wr allows to conclude
that α1 = . . . = αr = 0.
1
The same argument shows in fact that the images of W1 , . . . , Wr in CHR (X) are linearly independent;
hence, S is finite dimensional if the image of VertR (X) is so, in which case
dim(S) = rk(NS(XK )) + dim(Im(VertR (X))) .

(13)

So, in order to prove the lemma, it is enough
to show that the second summand in the right hand
P
side of (13) is finite and that it equals 1 + p (fp − 1). To do this, we exhibit an explicit basis of the
involved vector space.
For all p 6= (0), denote by Γp1 , . . . , Γpfp the irreducible components of the fiber of X over p.
Recalling (9), we have the decomposition


!F∞
fp
M M
M
p

VertR (X) =
RΓi  ⊕
RXσ
.
p6=(0)

i=1

σ∈Σ
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1

Fix an embedding τ ∈ Σ. We claim that the image B in CHR (X) of the family
[  p p
{Xτ + Xτ } ∪
Γ2 , Γ3 , . . . Γpf p

(14)

p6=(0)

is a basis for Im(VertR (X)).
Let us first show that B is a set of generators. As Im(VertR (X)) is clearly generated by the images
of the irreducible components of the finite fibers and by the images of the fibers at infinity, it is
1
enough to show that all these elements can be expressed in CHR (X) as linear combinations of the
ones appearing in (14). First, for all p =
6 (0), Proposition 3.7 implies that in the first Arakelov-Chow
space one has
fp
X
mi Γpi i = Xp = c(Xτ + Xτ )
i=1

for some m1 , . . . , mfp ∈ N≥1 , which implies that Γp1 belongs to the linear span of B. Regarding
1
the infinite fibers, for all σ ∈ Σ one has that Xσ + Xσ is equal to Xτ + Xτ in CHR (X) because of
Dirichlet’s unit theorem.
Secondly, let us prove that the elements of B are linearly independent. Suppose by contradiction
that there is a nontrivial linear relation
a0 (Xτ + Xτ ) +

fp
X X

ap,i Γpi = 0

p6=(0) i=2
1

in CHR (X). Since Xτ + Xτ is not zero in the first Arakelov-Chow space (for instance, it is not
numerically trivial), there exists q =
6 (0) such that at least one of the real numbers aq,2 , . . . , aq,fq is
nonzero. Set
W := −

fq
X

aq,i Γqi ,

and

Z := a0 (Xτ + Xτ ) +

i=2

fp
XX

ap,i Γpi .

p6=q i=2

b on X. Since Z and W are numerically equivalent, we deduce
Choose an ample arithmetic divisor A
from the associativity of the arithmetic intersection product and from Remark 1.10 that
D
E D
E D
E
bd−1 = Z, W · A
bd−1 = Z · W, A
bd−1 = 0 .
hW, W i b = W, W · A
q,A

Then, by Proposition 1.15 it must happen that W is a real multiple of Xq . Since Γq1 does not appear
in the support of W , while at least one of the other irreducible components does by the assumption
on q, we get a contradiction.
To conclude, observe that the geometric irreducibility of XK implies that fp = 1 for all but finitely
many p ∈ B, see for instance [EGA-IV, Proposition 9.7.8]. Hence, the family B is finite. Since the
images in the first Arakelov-Chow space of the elements in (14) are different (we
P have in fact proved
that they are linearly independent), we infer that the cardinality of B is 1 + p (fp − 1), concluding
the proof.
Before stating our final result, we recall that Pic0 (XK ) is defined as the quotient of divisors
algebraically equivalent to zero on XK by principal divisors.
We now recall some geometric constructions allowing to associate two abelian varieties defined over
K to the generic fiber XK of X. First, it would be desirable to have an abelian variety over K whose
F -points agree with Pic0 (XF ) for all field extensions F of K. This holds true when XK (K) 6= ∅, see
[BG06, Corollary 8.4.10]; in the general case, the situation is more complicated.
A crucial observation is that, even if XK has not a K-rational point, the structure morphism XK →
Spec K always admits a section“locally for the fppf topology on Spec K”, suggesting that an abelian
variety could solve the moduli problem on such a site. In fact, [Gro62a, Théorème 3.1] shows that
under our assumptions on XK there exists a scheme Pic(XK ) which represents the sheaf associated
to the relative Picard functor in the fppf topology, see also [Kle05] for a modern presentation and for
the precise definitions. However, even if it happens that Pic(XK ) embeds naturally into Pic(XK )(K),
such an embedding is not necessarily an isomorphism, see [Kle05, Theorem 9.2.5, Exercise 9.3.11 and
Exercise 9.2.4].
More interestingly for our treatment, by [Gro62b, Corollaire 3.2 and Théorème 3.3.(i)] there exists
a unique abelian subscheme Pic0 (XK ) of Pic(XK ) whose underlying set agrees with the connected
component of the identity. It turns out that Pic0 (XK ) is a separated geometrically irreducible
projective group subscheme of finite type of Pic(XK ) [Kle05, Proposition 5.3 and Theorem 5.4].
Moreover, by [Oor66] its base change to K, which is a group scheme over a field of characteristic
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zero, is reduced. Therefore, Pic0 (XK ) is also geometrically reduced and hence it is an abelian variety,
which is classically referred to as the Picard variety of XK .
The K-points of the Picard variety of XK form a group which is not too far from the actual Pic0 (XK ), as the next lemma shows.
Lemma 3.9. In the above assumptions and notations, Pic0 (XK ) is a subgroup of Pic0 (XK )(K), and
the quotient
Pic0 (XK )(K)/ Pic0 (XK )
is a torsion group.
Proof. First of all, by seeing Pic(XK ) in Pic(XK )(K), [Kle05, Proposition 9.5.10] affirms that Pic0 (XK ) =
Pic0 (XK )(K)∩Pic(XK ). In particular, the claimed subgroup relation holds, and there is an embedding
Pic0 (XK )(K)/ Pic0 (XK ) ,→ Pic(XK )(K)/ Pic(XK ) .
Then, by [Gro66, Corollaire 5.3] we have an exact sequence
0 → Pic(XK ) → Pic(XK )(K) → Br(K) ,
which identifies Pic(XK )(K)/ Pic(XK ) with a subgroup
L of the Brauer group Br(K) of K. Now, since
K is a number field, Br(K) can be embedded in
v Br(Kv ), where v ranges over all places, and
the latter is a torsion group, see [Gro66, Corollaire 2.3 and pages 94-95] to check these claims. So
Pic0 (XK )(K)/ Pic0 (XK ) is a torsion group as well.
With the previous in mind, the Albanese variety Alb(XK ) of XK is by definition the dual abelian
variety of Pic0 (XK ), and it satisfies a universal property as in [Gro62b, Théorème 3.3.(iii)].
We can finally state the main result of this section.
Theorem 3.10 (arithmetic Shioda-Tate formula). Let X be a projective arithmetic variety over the
ring of integers of a number field K. The first Arakelov-Chow vector space of X is finite dimensional
and:
X
1
dim(CHR (X)) = rk(Alb(XK )(K)) + rk(NS(XK )) + 1 +
(fp − 1) ,
p6=(0)

where fp stands for the number of irreducible components of the fiber of X over p, whereas Alb(XK )
and NS(XK ) denote respectively the Albanese variety and the Néron-Severi group of the generic
fiber XK .
Proof. Consider the real vector subspaces of ZR1 (XK ) generated by algebraically trivial divisors and
by principal divisors on XK respectively, and denote by Pic0R (XK ) their quotient. Notice that, as R is
a flat Z-module, one has that Pic0R (XK ) ' Pic0 (XK ) ⊗ R. Also, recall that in (11) we have fixed a
family {W1 , . . . , Wr } of divisors on X inducing a basis of NS(XK ) ⊗ R. The core of the proof is to
define and study the linear map
1

ψ : CHR (X)

−→

D

7−→

Pic0R (XK )
r
X
ai (D)Wi,K ,
DK −
i=1

where a1 (D), . . . , ar (D) are the unique real coefficients needed to express the class of DK in NS(XK )⊗R
in terms of the basis determined by {W1,K , . . . , Wr,K }. By construction, the image ψ(D) is an element
1
of Pic0R (XK ). Moreover, if D is 0 in CHR (X), we have that DK is a linear real combination of principal
divisors on XK , so ψ is well-defined. Observe that the map ψ is surjective; indeed, for an element
in Pic0R (XK ) it is enough to consider its Zariski closure in X to obtain a preimage. We now show
1
that ker ψ = S, where S is the image of the subspace (12) in CHR (X). The inclusion ker ψ ⊇ S is
clear from the definitions. Consider now D ∈ ker ψ; then there exist f1 , . . . , fk ∈ K(XK )× such that
DK −

r
X

ai (D)Wi,K =

i=1

k
X

λj div(fj )

j=1

for some real numbers λ1 , . . . , λk . Seeing f1 , . . . , fk as nonzero rational functions on X, we have that
the Arakelov R-divisor
k
r
X
X
c j) − D +
λj div(f
ai (D)Wi
j=1

i=1

has trivial generic fiber, which in turn implies that it is vertical. Therefore D ∈ S.
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We have shown that ψ induces the following short exact sequence of vector spaces:
1

0 −→ S −→ CHR (X) −→ Pic0R (XK ) −→ 0 .
The real dimension of the space Pic0R (XK ) coincides with the rank of the group Pic0 (XK ) and hence
with the Mordell-Weil rank of the K-variety Pic0 (XK ) thanks to Lemma 3.9. Since an abelian variety
and its dual are always isogenous over K (see for instance [BG06, Theorem 8.5.1 and the proof of
Corollary 8.5.11]) and the Mordell-Weil rank of an abelian variety is finite and invariant under isogenies
over K, we have that rk(Pic0 (XK )(K)) = rk(Alb(XK )(K)) is finite. Therefore the statement follows
from Lemma 3.8.
Remark 3.11. Let s denote the rank of the Mordell-Weil group of the Picard variety of XK , and let
D1 , . . . , Ds be a family of algebraically trivial divisors on XK whose classes generate the free part
of Pic0 (XK ). By the proof of Theorem 3.10 and Lemma 3.8, an explicit basis of the first Arakelov-Chow
space of X is given by the following Arakelov R-divisors, written in their explicit form: the Zariski
closures of D1 , . . . , Ds in X, the divisors W1 , . . . , Wr of (11), and the elements in (14).
Remark 3.12. The dimension of the first Arakelov-Chow space calculated in Theorem 3.10 is independent of the initial choice of the Kähler forms on each Xσan . This is certainly not surprising because of
[GS90a, Theorem in 5.1.6, entry (i)].
We conclude the paper by presenting some instances of the arithmetic Shioda-Tate formula proved
in Theorem 3.10.
Example 3.13 (low dimensions). When X = Spec OK , the Picard group of XK is trivial, hence both
groups NS(XK ) and Alb(XK )(K) are so. Moreover, all special fibers of X are irreducible as p is
prime, hence Theorem 3.10 affirms that


1
dim CHR (Spec OK ) = 1 ,
which agrees with the direct calculation of Example 3.4.
When X has relative dimension 1 over Spec OK , the generic fiber XK is a curve over K and
Alb(XK ) is by definition its Jacobian. Noticing that NS(XK ) has rank 1 since XK is a curve, the
statement of Theorem 3.10 is in this case a direct consequence of [Fal84, Theorem 4.(d)].
Example 3.14 (projective spaces). Let X = PdOK be the projective space over Spec OK of relative
dimension d. All its fibers are irreducible since they are projective spaces over a finite field, and the
generic fiber is PdK . Remember that Pic(PdK ) ' Z and each element of Pic(PdK ) can be identified with
the isomorphism class of the sheaf OPd (m) for m ∈ Z. It follows that the numerically trivial divisors
K

of Pic(PdK ) are exactly the principal divisors; therefore Pic0 (PdK ) = {0} and we can conclude that
1
NS(PdK ) ' Z whereas Alb(PdK ) is trivial. By Theorem 3.10 we deduce that CHR (PdOK ) has dimension 2,
as expected.
Example 3.15 (abelian varieties). Let A be a regular integral projective model of an abelian variety
defined over the number field K. Then, Theorem 3.10 reads
X
1
dim(CHR (A)) = rk(AK (K)) + rk(NS(AK )) + 1 +
(fp − 1) ,
p6=(0)

giving a relation between the dimension of the first Arakelov-Chow space of A and the Mordell-Weil
rank of its generic fiber.
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Exp. No. 236, 221–243. Soc. Math. France, Paris, 1962.
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